On generalized semi-Markov quantum evolution by Chruściński, Dariusz & Kossakowski, Andrzej
ar
X
iv
:1
70
1.
06
53
4v
1 
 [q
ua
nt-
ph
]  
23
 Ja
n 2
01
7
On generalized semi-Markov quantum evolution
Dariusz Chrus´cin´ski and Andrzej Kossakowski
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Nicolaus Copernicus University, Grudzia¸dzka 5/7, 87–100 Torun´, Poland
We provide a large class of quantum evolution governed by the memory kernel master equation.
This class defines quantum analog of so called semi-Markov classical stochastic evolution. In this
Letter for the first time we provide a proper definition of quantum semi-Markov evolution and using
the appropriate gauge freedom we propose a suitable generalization which contains majority of
examples considered so far in the literature. The key concepts are quantum counterparts of classical
waiting time distribution and survival probability – quantum waiting time operator and quantum
survival operator, respectively. In particular collision models and its generalizations considered
recently are special examples of generalized semi-Markov evolution. This approach allows for an
interesting generalization of trajectory description of the quantum dynamics in terms of POVM
densities.
PACS numbers: 03.65.Yz, 03.65.Ta, 42.50.Lc
Introduction. — A theory of open quantum systems
provides a basic tool to analyze quantum systems which
are not isolated but interact with an external environ-
ment [1–3]. Any realistic system is never perfectly iso-
lated and hence this theory plays a key role for modelling
and controlling realistic quantum systems. It is, there-
fore, clear that open quantum systems are fundamental
for potential applications in modern quantum technolo-
gies such as quantum communication, cryptography and
computation [4].
The standard approach starts with the total “system +
environment” Hamiltonian H and looks for the reduced
evolution of the system density operator ρt defined by
ρ0 −→ ρt = TrE(e−iHt ρ0⊗ ρE eiHt), (1)
where ρE is an initial state of the environment and TrE
denotes a partial trace over the environmental degrees
of freedom. It is well known that the map ρ0 −→ ρt =
Λt[ρ0] is completely positive (CP) and trace-preserving
(CPTP) and satisfies Λ0 = 1l (identity map). It is usually
called a (quantum) dynamical map. It was shown by
Nakajima and Zwanzig [5] (see also [6, 7]) that ρt satisfies
the following generalized master equation
ρ˙t =
∫ t
0
Kt−τρτdτ, (2)
in which quantum memory effects are taken into account
through the introduction of the memory kernel Kt. This
means that the rate of change of the state ρ(t) at time t
depends on its history (starting at t = 0). The memory
kernel is fully determined by the total Hamiltonian and
the initial state of the environment. It should be stressed
that in general its structure is highly nontrivial since the
knowledge of the memory kernel derived from the micro-
scopic model governed by the total Hamiltonian would
be in principle equivalent to the knowledge of the full
“system + environment” evolution. Therefore, one may
ask about phenomenological memory kernels Kt leading
to a legitimate quantum evolution, that is, evolution rep-
resented by CPTP map. This is the basic question we
address in this Letter: how to characterize physically ad-
missible memory kernels.
Note, that equation (2) is exact — it follows from the
reduction procedure (1), where one neglects the environ-
mental degrees of freedom (usually the environment lives
in the infinite dimensional Hilbert space) and fully cares
about the degrees of freedom of the system in question.
To simplify the structure of Kt one may try to apply
physically appropriate approximation. Note, however,
that approximating Kt is a very delicate issue. A typical
second order Born approximation considerably simplifies
the structure of the memory kernel, however, in general
it violates basic properties of the master equation – com-
plete positivity or even positivity of ρt. As is well known
Born approximation supplemented by a series of sophis-
ticated Markov approximations results in time-local mas-
ter equation ρ˙t = Lρt, with L being the celebrated GKSL
generator [8, 9]
L[ρ] = −i[Heff , ρ] +
∑
α
γα(VαρV
†
α −
1
2
{V †αVα, ρ}), (3)
whereHeff denotes an effective Hamiltonian, Vα are noise
operators, and γα ≥ 0 describe decoherence/dissipation
rates. On the level of L one does not care about the
microscopic model. Any choice of Heff , Vα and γα leads
to legitimate evolution. One would like to find the cor-
responding characterization on the level of memory ker-
nels. Recently much effort was devoted to non-Markovian
quantum evolution which is defined either by time-local
generator Lt or no-local memory kernel Kt (see e.g. re-
cent reviews [10, 11]).
The hard problem one faces working with non-local
master equation (2) is how to control complete positivity
of the evolution described by the map Λt. This problem
was already faced by Barnett and Stenholm [12] for the
memory kernel Kt = k(t)L with k(t) being some mem-
ory function and the legitimate Markovian generator L.
An interesting approach of Lidar and Shabani [13] leads
to so called post-Markovian master equation governed by
KLS(t) = k(t)LeLt. However, it should be stressed that
neither phenomenological kernel of Barnett Stenholm nor
Lindar-Shabani post-Markovian kernel guarnaties com-
plete positivity of the corresponding dynamical map (see
also [14, 15]). The problem of the admissible memory
kernels was then extensively analyzed both from mathe-
matical and physical point of view (see e.g. [16–23]). An
interesting proposal leading to legitimate memory kernels
is provided by so called collision models [24–28]. Actu-
ally, the non-local memory kernel master eqution is well
known for classical stochastic evolution [30, 32], where
the dynamical map is realized by a family of stochastic
matrices. The aim of this Letter is to provide the quan-
tum analog of classical semi-Markov evolution. Actu-
ally, the quantum analog of semi-Markov evolution was
already considered by Breuer and Vacchini [19]. How-
ever, the precise definition was lacking. In this Letter for
the first time we provide a precise definition of quantum
semi-markov evolution based on the concepts of quantum
waiting time operator and quantum survival operator.
Moreover, we show that majority of examples considered
so far in the literature fit this class.
Quantum evolution from legitimate pairs. — In [23] we
introduced a concept of legitimate pairs, that is, a pair
{Nt, Qt} of CP maps such that N0 = 1l and Qt satisfies
the following constraint: its Laplace transform Q˜s satis-
fies ||Q˜s||1 < 1. Moreover, the following normalization
condition has to be satisfied
Tr(Qt[ρ] + N˙t[ρ]) = 0, (4)
for all ρ. Under these conditions one constructs the dy-
namical map via
Λ˜s = N˜s
1
1l− Q˜s
= N˜s
∞∑
n=0
Q˜ns , (5)
or in the time domain
Λt = Nt +Nt ∗Qt +Nt ∗Qt ∗Qt + . . . , (6)
where At ∗Bt =
∫ t
0
AτBt−τdτ denotes the operator con-
volution. The condition ||Q˜s||1 < 1 guaranties that the
series in (5) converges in the trace norm || ||1. By con-
struction Λt is CP and normalization condition (4) guar-
anties that Λt is trace-preserving. The corresponding
memory kernel is given by
K˜s = (Q˜s − 1l)N˜−1s + s1l. (7)
Remark 1 Actually, due to the fact that in general maps
Nt and Qt do not commute, one may consider another
construction
Λ˜s =
1
1l− Q˜s
N˜s =
∞∑
n=0
Q˜nt N˜s , (8)
or in the time domain Λt = Nt+Qt∗Nt+Qt∗Qt∗Nt+. . ..
The corresponding kernel reads
K˜s = N˜
−1
s (Q˜s − 1l) + s1l. (9)
In a recent paper [22] Vacchini calls (7) and (9) left and
right kernels, respectively. In this Letter we follow con-
vention (5)–(9).
The simplest example of such pair is provided by Nt =
g(t)1l and Qt = f(t)E , where E is a quantum channel,
and f(t), g(t) are waiting time distribution and survival
probability, respectively, related by g(t) = 1− ∫ t
0
f(τ)dτ .
In this case one finds
K˜s =
f˜(s)
g˜(s)
(E − 1l). (10)
In this simple example left and right kernels coincide
since Nt and Qt commute.
Semi-Markov evolution. — Let us recall the construc-
tion of the classical semi-Markov evolution [19, 29–32]:
one defines a semi-Markov matrix qij(τ) ≥ 0 for τ ≥ 0
such that
∫ t
0
qij(τ)dτ denotes the probability of jump
from state “j” to state “i” no later than τ = t provided
that at time τ = 0 the system stays at the state “j”. Now,
one defines waiting time distribution fj(τ) =
∑
i qij(τ)
and survival probability
gj(t) = 1−
∫ t
0
fj(τ)dτ, (11)
that is the probability that the system stays in the state
“j” up to τ = t. Clearly
∑
i
∫∞
0
qij(τ)dτ ≤ 1 and hence
gj(t) ∈ [0, 1] [34]. Defining the matrix
nij(τ) = gj(τ)δij , (12)
the stochastic evolution of the probability vector pj(t) is
realized via the stochastic matrix Tij(t) defined by
T˜ (s) = n˜(s)
1
I − q˜(s) = n˜(s)
∞∑
n=0
q˜n(s), (13)
or in the time domain Tij(t) = nij(t) + (n ∗ q)ij(t) + (n ∗
q∗q)ij(t)+ . . .. Moreover, pj(t) satisfies classical memory
kernel master equation
p˙i(t) =
∫ t
0
∑
j
[wij(τ)pj(t−τ)−wji(τ)pi(t−τ)]dτ, (14)
where the matrix wij(t) is defined in terms of the Laplace
transform as follows
w˜ij(s) =
q˜ij(s)
g˜j(s)
. (15)
The crucial property of the classical pair of matrices
{nij(t), qij(t)} is that nij(t) is diagonal and it is uniquely
determined by the semi-Markov matrix qij(t).
Now let us consider quantum case. Let Qt (t ≥ 0) be a
family o completely positive maps such that
∫ t
0
Q†τ [I]dτ ≤
I [33]. We call it quantum semi-Markov map – a quantum
analog of semi-Markov matrix qij(t). Now, let us define
a quantum waiting time operator ft = Q
†
t [I] and quantum
survival operator
gt = I−
∫ t
0
fτdτ. (16)
2
It is clear that gt ≥ 0 and g0 = I. To provide a non-
commutative analog of (12) let us define a family of CP
maps Nt by
Nt[ρ] =
√
gt ρ
√
gt. (17)
It is clear thatN0 = 1l due to g0 = I. Complete positivity
ofNt is evident from the Kraus representation (17). Now,
defining the quantum analog of (15)
W˜s = Q˜sN˜
−1
s , (18)
one finds in the time domain Wt = Qt ∗N−1t , that is,
Wt[ρ] =
∫ t
0
Qt−τ [g
−1/2
τ ρg
−1/2
τ ]dτ. (19)
The quantum analog of classical master equation (14)
reads
ρ˙t =
∫ t
0
Kt−τρτ dτ, (20)
where the memory kernel Kt is constructed as follows:
Kt =Wt − Zt with
Zt[ρ] =
1
2
(W †t [I]ρ+ ρW
†
t [I]). (21)
Again, in the semi-Markov pair {Nt, Qt} the map Nt is
fully determined by the map Qt. Hence, the quantum
semi-Markov evolution is determined by the semi-Markov
map Qt. The characteristic feature of the semi-Markov
pair {Nt, Qt} is complete positivity of N−1t . This implies
that the map Wt defined in (19) is CP as well. Note
that the space of semi-Markov maps Qt is convex, that
is, if Q
(1)
t , . . . , Q
(k)
t are semi-Markov maps, then for any
probability distribution {pi} the map p1Q(1)t +. . .+pkQ(k)t
is again semi-Markov.
Classical–quantum. — Note that a classical semi-
Markov evolution immediately follows from the quan-
tum construction if one restricts to the commutative case,
that is, one considers quantum semi-Markov map of the
following form
Qt[ρ] =
∑
i,j
qij(t)|i〉〈j|ρ|j〉〈i|, (22)
where qij(t) is the (classical) semi-Markov matrix. Then
the condition
∫ t
0 Q
†
τ [I]dτ ≤ I implies
∑
i
∫ t
0
qij(t)|j〉〈j| ≤ I,
which is equivalent to the classical constraint∑
i
∫ t
0
qij(t) ≤ 1. Moreover, one finds
ft = Q
†
t [I] =
∑
j
fj(t)|j〉〈j|,
where fj(t) stands for a classical waiting time distribu-
tion, and gt =
∑
j gj(t)|j〉〈j|, with gj(t) being a classical
survival probability. Finally,
Wt[ρ] =
∑
i,j
wij(t)|i〉〈j|ρ|j〉〈i|,
with wij(t) defined in (15).
From semi-Markov evolution to Markovian semigroup.
— It is well known that in the classical case the Marko-
vian semigroup correspond to the specific choice of the
semi-Markov matrix qij(t)
qij(t) = piijfj(t), (23)
where piij is the matrix of transition probabilities (a
stochastic matrix) and the waiting time distributions
fj(t) read fj(t) = γje
−γjt, with γj > 0. Then one finds
for the survival probability gj(t) = e
−γjt and finally
wij(t) = δ(t)wij , wij := piijγj , (24)
which leads to the classical Markovian master equation
p˙i(t) =
∑
j
[wij − δijγj ]pj(t). (25)
In the quantum case one requires that the semi-Markov
map has the following structure
Qt[ρ] = Φ[
√
ft ρ
√
ft] , (26)
where Φ is an arbitrary quantum channel and the waiting
time operator ft is given by
ft = Γe
−Γt , (27)
with a positive matrix Γ. This definition is perfectly
consistent: one has Q†t [I] =
√
ftΦ
†[I]
√
ft =
√
ftI
√
ft = ft
due to Φ†[I] = I. One finds gt = e
−Γt and finallyWt[ρ] =
δ(t)W , where
W [ρ] = Φ[
√
Γ ρ
√
Γ] . (28)
Hence, W †[I] =
√
ΓΦ†[I]
√
Γ = Γ, and one arrives at the
following Markovian master equation
ρ˙t =
(
W [ρt]− 1
2
{Γ, ρt}
)
, (29)
which is a quantum analog of (25). Note, that in this case
the map Nt is also a semigroup Nt[ρ] = e
− 1
2
Γtρe−
1
2
Γt.
Remark 2 Note, that the ‘Hamiltonian part’ −i[H, ρ] is
missing in (29). It is because we generalized classical con-
struction where such term does nor exist. Interestingly,
one may generate Hamiltonian part by a suitable gauge
transformation.
3
Gauge transformations and generalized semi-Markov
evolution. — It was proved [23] that if {Nt, Qt} provides
a legitimate pair then the following maps
N ′t = GtNt , Q′t = FtQt, (30)
where Gt is a dynamical map and Ft a family of quantum
channels, provides another legitimate pair. We call (30)
gauge transformation. Note, that if Qt is quantum semi-
Markov map so is Q′t. Moreover, both ft and gt are
gauge-invariant. Indeed, one has
f ′t = Q
′†
t [I] = Q
†
tF†t [I] = Q†t [I] = ft ,
due to F†t [I] = I. It immediately implies g′t = gt.
Corollary 1 If {Nt, Qt} is a semi-Markov pair, then
{Nt,FtQt} is semi-Markov pair as well with the same
waiting time operator ft and survival operator gt.
Remark 3 On the level of the Markovian master equa-
tion (29) it means that we change W to W ′ = FW ,
where F is an arbitrary quantum channel. One has
W ′†[I] =W †F†[I] = Γ, that is, Γ does not change.
Remark 4 Suppose that {Nt, Qt} is a Markov pair giv-
ing rise to (29), that is,
Nt[ρ] = e
− 1
2
Γtρe−
1
2
Γt , Qt =WNt.
Let Gt be a unitary dynamical map Gt[ρ] = e−iHtρeiHt,
where H commutes with Γ. One finds that {GtNt, Qt} is
a Markov pair giving rise to
ρ˙t = −i[H, ρt] +
(
W [ρt]− 1
2
{Γ, ρt}
)
, (31)
that is, one corrects (29) by the Hamiltonian part.
Suppose now that {Nt, Qt} is a semi-Markov pair. We
call the dynamics constructed out of {N ′t , Q′t} a gener-
alized semi-Markov evolution. Clearly, generalized semi-
Markov evolution is realized by a non-trivial gauge Gt. It
is clear that contrary to the original semi-Markov evolu-
tion for the generalized case the map Nt is not entirely
determined by Qt. Note, however, thatNt is uniquely de-
termined by Qt up the a gauge transformation Gt. There-
fore, one has
Proposition 1 A legitimate pair {Nt, Qt} corresponds
to a generalized semi-Markov evolution if and only if
G†t [a] =
1√
gt
N †[a]
1√
gt
,
defines a dual of the legitimate dynamical map, that is,
Gt is CPTP and G0 = 1l.
Generalized semi-Markov evolution vs. generalized col-
lision models. — A generalized collision model [22, 23,
25–28] is defined by the following pair
Nt = g(t)Gt , Qt = f(t)Ft , (32)
where Gt is an arbitrary dynamical map, Ft is an ar-
bitrary family of quantum channels (CPTP maps), and
f(t), g(t) are waiting time distribution and survival prob-
ability, respectively, that is, g(t) = 1 − ∫ t
0
f(τ)dτ . Note,
that Qt provides a legitimate quantum semi-Markov map
and the corresponding quantum waiting time operator
reads ft = Q
†
t [I] = f(t)I. Hence gt = g(t)I. It is, there-
fore, clear that
NSMt = g(t)1l , Q
SM
t = f(t)Ft,
defines a semi-Markov pair. Gauging NSMt by Gt one ob-
tains (32) which shows that generalized collision model is
a special case of generalized quantum semi-Markov evo-
lution.
Example 1 (Decoherence) Consider the follow-
ing qubit quantum semi-Markov map Qt[ρ] =∑3
α=0 pαfα(t)σαρσα, where σα are Pauli matrices,
pα is a probability distribution, and real functions
fα(t) ≥ 0 satisfy
∫∞
0
fα(t)dt ≤ 1. These conditions
guarantee that ft =
∑3
α=0 pαfα(t)I is a legitimate quan-
tum waiting time operator giving rise to the following
quantum survival operator gt = g(t)I, where
g(t) = 1−
3∑
α=0
pα
∫ t
0
fα(τ)dτ.
It is clear that Nt = g(t)1l and the corresponding memory
kernel Kt reads
K˜s[ρ] =
3∑
i=1
pi
f˜i(s)
g˜(s)
(σiρσi − ρ), (33)
and hence it provides direct generalization of (10). Again,
in this example left and right kernels coincide. This class
of kernels generalizes the class considered in [21]. This
example may be immediately generalized for arbitrary di-
mension d either by replacing Pauli matrices by unitary
Weyl matrices, or by Hermitian Gell-Mann matrices λα.
In the former case one generalizes (33) to
K˜s[ρ] =
d2−1∑
α=1
pα
f˜α(s)
g˜(s)
(UαρU
†
α − ρ), (34)
where Uα are Weyl matrices (cf. [35]). In
the case of Gell-Mann matrices one has Qt[ρ] =∑d2−1
α=0 pαfα(t)λαρλα, and hence ft =
∑d2−1
α=0 pαfα(t)λ
2
α
which means that gt is no longer of the form g(t)I. In
this case one has nontrivial map Nt[ρ] =
√
gtρ
√
gt. For
the qutrit case (d = 3) cf. [35].
Generalized trajectory description. — Note the for-
mula (6) implies the following relation [35]
∞∑
n=0
∫ t
0
dtn
∫ tn
0
dtn−1 . . .
∫ t2
0
dt1P
n(t; tn, . . . , t1) = I,
(35)
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where P0(t) = gt and
Pn(t; tn, . . . , t1) = Q
†
t1Q
†
t2−t1 . . . Q
†
tn−tn−1 [gt−tn ].
It is clear that Pn(t; tn, . . . , t1) ≥ 0 and due to (35) they
may be considered as POVM densities. Now, if ρ is a
density operator, then
ρt =
∞∑
n=0
∫ t
0
dtn . . .
∫ t2
0
dt1p
n(t; tn, . . . , t1)ρ
n(t; tn, . . . , t1)
where pn(t; tn, . . . , t1) = Tr(ρP
n(t; tn, . . . , t1)), and
ρn(t; tn, . . . , t1) =
Nt−tnQtn−tn−1 . . .Qt2−t1Qt1 [ρ0]
pn(t; tn, . . . , t1)
,
denotes the trajectory with n jumps at {t1, . . . , tn}. If
Nt = g(t)Gt and Qt = f(t)Ft, then pn(t; tn, . . . , t1) repro-
duces probability densities for jumps derived by Vacchini
[22].
Conclusions. — We provided a precise definition of
quantum semi-Markov evolution generalizing well known
semi-Markov classical stochastic evolution. As in the
classical case quantum semi-Markov evolution is uniquely
defined in terms of quantum semi-Markov map Qt which
gives rise to quantum waiting time operator ft and quan-
tum survival operator gt. Moreover, using a freedom of
gauge transformations, we proposed a suitable general-
ization which contains majority of examples considered
so far in the literature fit this class. In particular col-
lision models studied recently turn out to be generate
semi-Markov evolutions. Finally, it has been shown that
our approach allows for an interesting generalization of
trajectory description of the quantum dynamics in terms
of POVM densities.
Acknowledgements
This paper was partially supported by the National
Science Center project UMO-2015/17/B/ST2/02026.
Supplementary material
In this Supplemental Material we provide technical de-
tails for Example 1.
Unitary d× d Weyl matrices are defined as follows
Ukl =
d−1∑
m=0
ωmk|m〉〈m+ l|,
with ω = e2pii/d, and k, l = 0, 1, . . . , d − 1. They satisfy
the well-known relations:
UklUrs = ω
ksUk+r,l+s, U
†
kl = ω
klU−k,−l.
Clearly, for d = 2 the Weyl channel simplifies to the
Pauli channel. In what follows we use one index notation
(kl) −→ α = l + kd = 0, 1, . . . , d2 − 1. Clearly U0 = I.
For d = 3 one finds
U1 =

 0 1 00 0 1
1 0 0

 , U2 =

 0 0 11 0 0
0 1 0

 , U3 =

 1 0 00 ω 0
0 0 ω2

 ,
U4 =

 0 1 00 0 ω
ω2 0 0

 , U5 =

 0 0 1ω 0 0
0 ω2 0

 , U6 =

 1 0 00 ω2 0
0 0 ω

 ,
U7 =

 0 1 00 0 ω2
ω 0 0

 , U8 =

 0 0 1ω2 0 0
0 ω 0

 ,
with ω = e2pii/3 and ω2 = ω∗ = e−2pii/3.
Now, let us defined a quantum semi-Markov map
Qt[ρ] =
d2−1∑
α=0
pαfα(t)UαρU
†
α,
where pα is a probability distribution, and real functions
fα(t) ≥ 0 satisfy
∫∞
0
fα(t)dt ≤ 1. These conditions guar-
antee that ft =
∑d2−1
α=0 pαfα(t)I is a legitimate quantum
waiting time operator giving rise to the following quan-
tum survival operator gt = g(t)I, where
g(t) = 1−
d2−1∑
α=0
pα
∫ t
0
fα(τ)dτ.
It is clear that Nt = g(t)1l and the corresponding memory
kernel Kt is given by (34).
The Gell-Mann matrices for d = 3 read:
λ1 =

 0 1 01 0 0
0 0 0

 , λ2 =

 0 −i 0i 0 0
0 0 0

 , λ3 =

 1 0 00 −1 0
0 0 0


λ4 =

 0 0 10 0 0
1 0 0

 , λ5 =

 0 0 −i0 0 0
1 0 0

 , λ6 =

 0 0 00 0 1
0 1 0


λ7 =

 0 0 00 0 −i
0 i 0

 , λ8 = 1√
3

 1 0 00 1 0
0 0 −2

 .
Taking λ0 = I one defines the following quantum semi-
Markov map
Qt[ρ] =
d2−1∑
α=0
pαfα(t)λαρλα,
5
where pα is a probability distribution, and real functions
fα(t) ≥ 0 satisfy
∫ ∞
0
fα(t)dt ≤ ||λ2α||,
where the operator norm ||λ2α|| denotes the maximal
eigenvalue λ2α. Note, that all matrices λ
2
α are diagonal.
These conditions guarantee that ft =
∑d2−1
α=0 pαfα(t)λ
2
α
is a legitimate quantum waiting time operator giving rise
to the following quantum survival operator
gt = I−
d2−1∑
α=0
pα
∫ t
0
fα(τ)λ
2
αdτ.
Hence that map Nt reads Nt[ρ] =
√
gtρ
√
gt. In this case
the legitimate pair {Nt, Qt} generates quantum semi-
Markov evolution which goes beyond the collision model
description.
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